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Abstract 
Using Monte Carlo Collision (MCC) method, we have performed simulations of ion velocity distribution functions (IVDF) taking 
into account both elastic collisions and charge exchange collisions of ions with atoms in uniform electric fields for argon and 
helium background gases. The simulation results are verified by comparison with the experiment data of the ion mobilities and 
the ion transverse diffusion coefficients in argon and helium. The recently published experimental data for the first seven 
coefficients of the Legendre polynomial expansion of the ion energy and angular distribution functions are used to validate 
simulation results for IVDF. Good agreement between measured and simulated IVDFs shows that the developed simulation model 
can be used for accurate calculations of IVDFs. 
Keywords: ion velocity distribution function, ion-atom angular differential cross section, Monte Carlo collision method 
1. Introduction 
 Detailed knowledge of the ion velocity distribution 
functions (IVDF) is important for many applications [1-3], 
particularly for plasma-material surface interactions. Very 
simplified models that assume IVDF as a shifted Maxwellian 
velocity distribution function, are often used, e.g. for studies 
of dusty plasma [4-6], notwithstanding the fact that this simple 
model is not sufficient and simulated IVDFs are far from 
shifted Maxwellian velocity distribution functions. 
Often, a treatment for IVDF considers only charge 
exchange collisions. For this approach, the simplest 
approximation uses a constant charge exchange collision 
frequency, so-called Bhatnagar-Gross-Krook (BGK) model 
[7]. It is easy to obtain an analytic expression for IVDF with 
the BGK model. However, the charge exchange cross section 
depends on the velocity weakly. This means that BGK model 
is not accurate for simulations of IVDF. In Ref.[8], Else D et 
al. carried out numerical solutions of IVDF for a constant 
charge exchange cross section to compare results with those 
obtained using the BGK model, and showed that the BGK 
model is not accurate in the limit of strong electric field. 
Assuming a constant charge exchange cross section, an 
analytic solution for the IVDF was derived without taking into 
account the atom thermal temperature in Ref.[9] which is 
approximate in the limit of strong electric field, and a 
numerical solution for the IVDF taking into account the atom 
thermal temperature for a general value of the electric field 
was obtained by Lampe M et al. [10]. The recent study of 
IVDF is performed by Mustafaev A, et al., in which the 
analytical calculation of the IVDF was performed taking into 
account the atom thermal temperature [11]. 
Although the charge exchange collisions dominate the 
ion-atom collisions, the elastic collisions also affect IVDF, 
especially for the direction transverse to the electric field. 
Notwithstanding this fact, we are not aware of any 
publications studying IVDFs (including in DC - discharge), 
where both charge exchange collisions and scattering in 
polarizing potential are both taken into account. Therefore, in 
our previous publication [12], we have developed an 
approximate numerical model of angular differential cross 
sections for both elastic collisions and charge exchange 
collisions for simulations of the IVDFs in helium discharges, 
and have shown that associated errors in conventional 
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approach where only charge exchange collisions are taken into 
account.  
Recently, IVDFs are measured by Ref. [11, 15] making 
use of a planar one-sided probe [13-14]. The experimental 
measurements of IVDF allow for careful benchmarking of 
simulations and collision data (elastic and charge-exchange 
collision angular differential cross sections), which are 
necessary for accurate simulations of IVDFs. In this paper, our 
previously developed approximations for elastic and charge-
exchange collision angular differential cross sections [12] 
were used for IVDF simulations in helium and argon, and the 
simulated IVDF are compared with the experimental data. The 
Numerical model is described in Sec.2, comparison of 
simulation results and experiment data is carried out in Sec.3, 
and conclusion is made in Sec.4. 
2. Description of Monte Carlo Collision 
method for ion-atom collisions 
In this section, we describe the Monte-Carlo Collisions 
(MCC) method applied for IVDF calculations. The detailed 
description can be found in our previous publication for 
helium [12]. Here, the method was also developed for argon. 
The ion-atom angular differential scattering cross section of 
both elastic collisions and charge exchange is approximated in 
the following form  
σ𝜃(𝜀, 𝜃) =
𝐴(𝜀)
[1−cos𝜃+𝑎(𝜀)]1.25
+
𝐴(𝜀)
[1+cos𝜃+𝑏(𝜀)]1.25
,    (1) 
where ε is the relative translational energy in eV of ion in ion-
atom center of mass reference frame (ε is about 0.5 times of 
the ion energy) and θ is the scattering angle. Using this angular 
differential cross section, the total cross section, σt, the 
momentum transfer cross section, σm, and the viscosity cross 
section, σv, can be calculated analytically as given by 
expressions in Eq.(2), Eq.(3) and Eq.(4), respectively [12]. 
The functions 𝐴(𝜀),  𝑎(𝜀), 𝑏(𝜀)  are parameters of the 
model, which can be determined from known cross section 
σt, σm, and σv (see Table 1). The numerical solution method of 
Eqs. (2-4) for functions 𝐴(𝜀),  𝑎(𝜀), 𝑏(𝜀) is given in our 
previous publication [12]. The approximation formulas for 
σtotal, σm, and σv  are presented in Table 1. 
In Table 1 data for argon gas are obtained using the 
empirical formula 𝛔𝒗(𝜺) [16] and the experimental data for 
𝛔𝒎(𝜺); a quantum mechanical calculation for 𝛔𝒕(𝜺) are 
taken from Ref. [17]; data for helium gas are the proposed in 
Ref. [12] approximation of quantum mechanical calculations 
for 𝛔𝒕(𝜺) and the experimental data 𝛔𝒗(𝜺), 𝛔𝒎(𝜺) are 
taken also from Ref. [12]. 
Using Eq.(1), values of 𝐴(𝜀),  𝑎(𝜀), 𝑏(𝜀), the angular 
differential cross sections are calculated and compared with 
the experimental data for angular differential cross sections of 
scattering of ions in its own gas for Ar++Ar [18] and He++He 
[19] systems, which are depicted in figure 1 showing an 
approximate agreement. 
σ𝑡(𝜀) = 2𝜋 ∫ σ𝜃(𝜀, 𝜃) sin 𝜃 𝑑𝜃
𝜋
0
= 8𝜋𝐴[
1
𝑎0.25
−
1
(2+𝑎)0.25
+
1
𝑏0.25
−
1
(2+𝑏)0.25
].       (2) 
σ𝑚(𝜀) = 2𝜋 ∫ σ𝜃(𝜀, 𝜃)(1 − cos𝜃) sin 𝜃 𝑑𝜃
𝜋
0
= 8𝜋𝐴[
𝑎
(2+𝑎)0.25
−
4𝑎0.75
3
+
(2+𝑎)0.75
3
−
4(2+𝑏)0.75
3
+
2
𝑏0.25
+
4𝑏0.75
3
].    (3) 
σ𝑣(𝜀) = 2𝜋 ∫ σ𝜃(𝜀, 𝜃)(1 − cos
2 𝜃) sin 𝜃 𝑑𝜃
𝜋
0
= 8𝜋𝐴[
2(2+𝑎)0.75
3
−
(2+𝑎)1.75
7
−
8𝑎0.75
3
+
5𝑎(2+𝑎)0.75
3
−
32𝑎1.75
21
+
2(2+𝑏)0.75
3
−
(2+𝑏)1.75
7
−
8𝑏0.75
3
+
5𝑏(2+𝑏)0.75
3
−
32𝑏1.75
21
].          (4) 
Table 1. The approximation formulas for σt, σm, σv 
 Argon Helium 
𝛔𝒎(𝜺),𝐦
𝟐 
1.15 × 10−18 × [1 + 0.015/
(2𝜀)]0.6(2𝜀)−0.1[16] 
5.58 × 10−19 × [1 −
0.0557ln (2𝜀)]2[1 + 0.0006𝜀−1.5][12] 
𝛔𝒗(𝜺),𝒎
𝟐 
2
3
× [
2×10−19
(2𝜀)0.5×(1+2𝜀)
+
3×10−19×2𝜀
(1+2𝜀/3)2
][16] 
σ𝑚(𝜀)
1.5(1+𝜀1.1)
[12] 
𝛔𝒕(𝜺),𝒎
𝟐 7.78 × 10−18/𝜀0.335  [17] σ𝑚(𝜀)[1 + 𝜀
−0.2][12] 
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(a) Ar++Ar               (b) He++He 
Figure 1. The angular differential cross section in Ar++Ar, and He++He systems. The blue curves show the experimental data 
[18-19] and the red curve is approximation given by Eq.(1). 
 
Figure 2. The reduced mobility                    Figure 3. The transverse diffusion 
as a function of reduced electric field            as a function of reduced electric field  
It should be noted that Phelps proposed model cross 
section for the description of experimental data for Ar++Ar, 
He++He and H++H in Ref. [20]. However the proposed fits for 
cross sections assume symmetry regarding transformation 
𝜃 → 𝜋 − 𝜃. This approximation does not fully describe the 
experimental data at small energies, see Fig. 1b. 
In simulations, the actual scattering ion-atom collision is 
divided to two parts: one part describes the small-angle 
scattering σ1(𝜀, 𝜃) = 𝐴/(1 − cos 𝜃 + 𝑎)
1.25, and the other - 
the scattering on the angle of about 𝜋 , σ2(𝜀, 𝜃) = 𝐴/
(1 + cos𝜃 + 𝑏)1.25. The scattering angles (θ1 and θ2) in MCC 
simulations are therefore controlled by uniformly distributed 
random numbers between 0 and 1 (R1 and R2) according to 
Eq.(5) and Eq.(6) for these two parts, respectively [12]. 
cos𝜃1 = 1 + 𝑎 − {𝑎
−0.25 −𝑅1[𝑎
−0.25 − (2 + 𝑎)−0.25]}−4.         
(5) 
cos𝜃2 = −(1 + 𝑏) + {(2 + 𝑏)
−0.25 + 𝑅2[𝑏
−0.25 −
(2 + 𝑏)−0.25]}−4.                 (6) 
MCC particle simulations were performed with the values of 
a, b, A, and making use of Eqs.(5-6) [12]. If σ𝑣 is negligible, 
then A→0, 𝑎 → 0, and 𝑏 → 0, which makes cos 𝜃1 = 1 for 
elastic collisions, and cos𝜃2 = −1  for charge exchange 
collisions. Therefore this collision process is reduced to the 
only charge exchange collisions of the scattering on -angle 
in the center mass reference frame [10]. 
The MCC method in this paper (σm, σv and σt are taken 
from table 1) is verified by comparing simulated results for 
the mobility and the transverse diffusion with the 
experimental data reported in Refs. [21-24] as shown in figure 
2 and figure 3, at the discharge condition of 294K gas 
temperature and 0.1Torr gas pressure, where vd is the ion drift 
velocity, E is the electric field, N is the gas density, 
Ns=2.6868×1019 cm-3 is the standard gas number density, μ is 
the mobility (vd/E), and D ⊥  is the transverse diffusion 
coefficient. Note that the ion mobility is fully determined by 
the momentum transfer cross section, σm, whereas the 
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transverse diffusion coefficient is mostly function of the 
viscosity cross section, σv. Besides this validation, the MCC 
code has been also benchmarked with another well-used PIC 
code EDIPIC [25].  
3 Ion velocity distribution functions and 
comparison to experiment 
In this section, following conditons are used T=450K, 
p=0.2torr and E/p=9V/(cmtorr) for the argon discharge, and 
T=600K, p=0.2torr and E/p=20V/(cmtorr) for the helium 
discharge. IVDFs were measured by a flat one-sided probe 
making use of the second derivative of the current relative to 
biased voltage for different orientations of the probe and by 
applying decomposition of angular dependence in the 
Legendre polynomials [11, 15]. Number of polynomial 
coefficients equals to the number of probe angular orientations. 
Therefore, IVDF is represented as a finite summ of Legendre 
polynomials ∑ 𝐹𝑛(𝜀𝑖𝑜𝑛)𝑃𝑘(𝑐𝑜𝑠𝜃)
𝑁
𝑘=0 , where 𝜀𝑖𝑜𝑛 is the ion 
energy, 𝐹𝑛(𝜀𝑖𝑜𝑛)  is the coefficient for a Legendre 
polynomials, 𝜃  is the angle between the ion velocity 
direction and the electric field direction, and 𝑃𝑘(𝑐𝑜𝑠𝜃) is the 
Legendre polynomial of order k. The more anisotropic IVDF 
is, the more coefficients have to be used for correct 
representation. For nearly isotropic IVDF only zeroth term can 
be used; for very anisotropic IVDF pointing into only one 
direction (IVDF is delta- function of angle) infinite number of 
terms have to be used. Criterion for sufficient number of 
polynomials is that the IVDF calculated in (N+1)-
approximation is very close to the IVDF calculated in N-
approximation. Typically, the high energy tail of IVDF is 
more anisotropic than the bulk of IVDF, see Fig.4.  
In order to compare simulated IVDF to the experiment 
data, we perform the Legendre expansion of the IVDF 
expressed as energy and angle distribution 
function  𝐹(𝜀𝑖𝑜𝑛, 𝜃) normalized according to Eq.(7), as 
performed for experimental data 
        ∫ ∫ 𝐹(𝜀𝑖𝑜𝑛, 𝜃) 𝑠𝑖𝑛 𝜃 𝑑𝜃
𝜋
0
𝑑𝜀
+∞
0
= 1.     (7) 
For the Legendre expansion 
        𝐹(𝜀𝑖𝑜𝑛, 𝜃) = ∑ 𝐹𝑛(𝜀𝑖𝑜𝑛)𝑃𝑛
+∞
𝑛=0 (𝑐𝑜𝑠𝜃),   (8) 
its coefficients are given by 
       𝐹𝑛(𝜀𝑖𝑜𝑛) =
2𝑛+1
2
∫ 𝐹(𝜀𝑖𝑜𝑛, 𝜃)𝑃𝑛 sin 𝜃 𝑑𝜃
𝜋
0
,  (9) 
and the ion energy distribution function IEDF is 
𝐼𝐸𝐷𝐹(𝜀𝑖𝑜𝑛) = ∫ 𝐹(𝜀𝑖𝑜𝑛, 𝜃) sin 𝜃 𝑑𝜃
𝜋
0
≡ 2𝐹0 (10) 
The 1st, 2nd, 4th, 6th order Legendre expansions are 
presented in figure 4. For argon, the 2nd order expansion is 
close to 6th order expansion for 𝜀 =0.03eV, while there is a 
noticable difference between the 2nd order expansion and the 
6th order expansion for 𝜀 =0.09 eV. The similar phenomenon 
is also found for helium. Apparently, for the electron energy 
0.5 eV the 4th order expansion is significantly different from 
the 6th order expansion for He (see Fig. 4b, indicated by the 
arrows). This means that the angluar IVDFs at low ion 
energies are more isotropic than the angluar IVDFs at high ion 
energies. 
Combining Eq. (7) and the normalization condition 
Eq.(11) 
    ∫ ∫ 𝑓(𝑣, 𝜃)2𝜋𝑣2 𝑠𝑖𝑛 𝜃 𝑑𝜃
𝜋
0
𝑑𝑣
+∞
0
= 1.   (11) 
IVDF could be obtained from 𝐹(𝜀, 𝜃). 
𝑓(𝑣, 𝜃) =
𝐹(𝜀𝑖𝑜𝑛,𝜃)
2𝜋𝑣
𝑀
𝑒
=
𝐹(
𝑀(𝑣𝑥
2+𝑣𝑦
2+𝑣𝑧
2)
2𝑒
,arctan
√𝑣𝑦2+𝑣𝑧2
𝑣𝑥
)
2𝜋𝑣
𝑀
𝑒
, (12) 
where M is the ion mass, v is the ion speed, and e is the 
elementary charge. Assuming x direction is along the electric 
filed, we only focus on the two dimensional IVDF f(vx, vy) 
because IVDF is axisymmetric in y and z directions. 
𝑓(𝑣𝑥, 𝑣𝑦) = ∫ 𝑓(𝑣𝑥, 𝑣𝑦, 𝑣𝑧)𝑑𝑣𝑧
∞
−∞
    (13) 
Equations (12-13) relates 𝐹(𝜀𝑖𝑜𝑛, 𝜃) with f(vx, vy). 
Making use of Eqs. (8), (12) and (13), two dimensional 
IVDF of the 6-order Legendre expansion is calculated and is 
shown in figure 5, where vT  is the thermal velocity of the 
according to the gas temperature. Figure 5 presents IVDF of 
the 6 order Legendre expansion are consistent with IVDF of 
full calculation, which shows the accuracy of the 6 order 
Legendre expansion is high enough for these discharge 
conditions. 
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(a) Argon                              (b) Helium 
Figure 4. Angular distribution of different order Legendre expansions. 
 
(a) Argon                                (b) Helium 
Figure 5. The accuracy of 6 order Legendre expansion for 𝑓(𝑣𝑥/𝑣𝑇, 𝑣𝑦/𝑣𝑇). 
In the following, IVDF obtained in MCC simulations is 
compared to the experiment data. In the experiment, the 
Legendre expansion coefficients of 𝐹(𝜀𝑖𝑜𝑛, 𝜃) are affected by 
the instrument function A. The measured distribution function 
Fmeasure is the convolusion of the real distribution function Freal 
and the instrument function A [11, 26]. This convolusion 
operation is given by Eqs. (14-15), and its application leads to 
a decrease 𝐹(𝜀𝑖𝑜𝑛) near maximum and increase near 𝜀𝑖𝑜𝑛 =
0: 
𝐹𝑚𝑒𝑎𝑠𝑢𝑟𝑒(𝜀𝑖𝑜𝑛) =
√2
2.221𝛿
∫ 𝐹𝑟𝑒𝑎𝑙(𝜀𝑖𝑜𝑛 − 𝜀
′)𝐴 (
√2𝜀′
𝛿
)𝑑𝜀′
∞
−∞
(14) 
    𝐴(𝑧) =
{
 
 
8
𝜋
∫ √
(𝑢2−
𝑧2
8
)
𝑢
(1 − 𝑢)𝑑𝑢
1
|𝑧|
2√2
, |𝑧| ≤ 2√2
0, |𝑧| > 2√2
, (15) 
where 𝛿 is the energy resolution step. Apparently, Fmeasure 
approaches to Freal  if 𝛿 equals to 0. However, usually 𝛿 in 
the experimental conditions is not sufficiently small, because 
of limitations of the measurement technology. This means that 
applying the convolution operation is necessary for 
comparison with the experimental data. We take the MCC 
results as 𝐹𝑟𝑒𝑎𝑙 , and use 𝛿 = 0.05eV  according to 
suggestion of Ref. [15].  
The effect of the convolution operation is to average the 
distribution function over [𝜀𝑖𝑜𝑛 − 2𝛿 , 𝜀𝑖𝑜𝑛 + 2𝛿 ] with the 
weight function given by Eq.(15). The Legendre polynomial 
expansion coefficients before and after the convolution for 
argon and helium are shown in figure 6. As expected, the 
peaks of 𝐹𝑛(𝜀𝑖𝑜𝑛) decrease and the values of 𝐹𝑛 (0) at the 
zero ion energy increase after convolution, as shown in figure 
6. And the effect of convolution in figure 6(a) is more 
significant than that in figure 6(b) because the argon discharge 
has a sharper energy distribution. 
𝐹𝑛(𝜀𝑖𝑜𝑛)  terms simulated by MCC after applying 
convolution are compared with the experimental data for 
argon and helium and are shown in figure 6(a) and 6(b), 
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respectively. Figure 6(a) shows a good agreement between the 
MCC and experimental data for n=0. Although there are some 
errors for the higher order Legendre coefficients, the effect of 
these errors on the total IVDF is small as evident in figure 7(a), 
because the Legendre coefficients decreases quickly with the 
Legendre order n under this discharge condition. 
Experimental error for n=0 is estimated at 10% and increases 
with n because of signal reduction. Figure 6(b) shows the same 
comparison for the helium discharge. Even for n=0, there are 
some errors between MCC results and experimental data. The 
errors become more pronounced for higher ion energies. 
These errors are examined in contour plots of the total IVDF 
depicted in figure 7. 
 
(a) Argon (Left: F0, F1, F2; Right: F3, F4, F5, F6) 
 
(b) Helium (Left: F0, F1, F2; Right: F3, F4, F5, F6) 
Figure 6.  Comparison of calculations with experimental data for the energy dependence of the Legendre polynomials 
expansion coefficients for distribution function (a) Argon, (b) Helium.  
 
(a) Argon                         (b) Helium 
Figure 7. 𝑓(𝑣𝑥/𝑣𝑇, 𝑣𝑦/𝑣𝑇) obtained with the 6
th order expansion after the convolution operation. 
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Combining Eqs.(8), (12) and (13), IVDFs are calculated 
from the result of the 6-order Legendre polynomial expansion 
after convolution, which is presented in Figure 7. Figure 7(a) 
shows a good agreement between MCC and experiments for 
argon, while there are some errors for high ion velocity in 
Figure 7(b) for helium. Namely, the experimentally 
determined IVDF is more anisotropic at high energies. 
Furthermore, it is worth noting that the 6-order Legendre 
expansion may not be sufficient if degree of IVDF anisotropy 
is large, e.g. for a higher electric field or a lower pressure, and 
a higher order Legendre expansion is necessary in this case. 
4 Conclusion 
In summary, we have simulated ion velocity distribution 
functions of 𝐴𝑟+, 𝐻𝑒+ in plasmas of glow discharge in argon 
and helium, respectively. For simulations, we have used 
approximations for charge exchange and scattering angular 
differential cross sections developed earlier in Ref. [12]. The 
proposed model describes well experimental data for angular 
differential cross sections for 𝐴𝑟+ + 𝐴𝑟, 𝐻𝑒+ +𝐻𝑒 [18-19]. 
Parametrization of angular differential cross sections uses 
available data for the momentum transfer, viscosity and total 
cross sections; latter cross sections are well verified using 
available experimental data of mobility and diffusion.  
Comparison of simulated IVDFs with the data measured 
by a flat probe showed good agreement for 𝐴𝑟+ + 𝐴𝑟 and 
reasonable agreement for 𝐻𝑒+ +𝐻𝑒. The difference between 
measured and simulated IVDFs may be attributed to 
insufficient resolution of measured IVDF, because only seven 
polynomials were used for strongly anisotropic IVDF.  
Good agreements between measured and simulated 
IVDFs show that the developed siumulation model can be 
used for accurate calculations of IVDFs.      
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